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Abstract—Traditional algorithms used in grid operation and 
planning only evaluate one deterministic state. Uncertainties 
introduced by the increasing utilization of renewable energy 
sources have to be dealt with when determining the operational 
state of a grid. From this perspective the probability of certain 
operational states and of possible bottlenecks is important 
information to support the grid operator or planner in their daily 
work. From this special need the field of application for 
Probabilistic Load Flow methods evolved. Uncertain influences 
like power plant outages, deviations from the forecasted injected 
wind power and load have to be considered by their 
corresponding probability. With the help of probability density 
functions an integrated consideration of the partly stochastic 
behaviour of power plants und loads is possible. In this context 
an extension to a convolution based probabilistic load flow is 
present in this paper. The extension reduces the already limited 
inaccuracy introduced by network model simplifications. Aspects 
like accuracy improvement and computation time in comparison 
to existing method are covered in detail. 
 
Index Terms-- linear map, power system simulation, 
decoupled load flow, probabilistic load flow. 
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II.  INTRODUCTION 
HE increasing utilization of renewable energy sources – in 
most cases wind power due its big offer of primary energy 
- pose new challenges to grid operation. Due to the stochastic 
character of the wind power injection the power flow patterns 
in a given network get less predictable. At the same time 
network extension to address the changed network usage 
patterns are hardly possible for political and financial reasons. 
This leads to the networks being operated closer to their 
technical limits. Apart from detecting possible bottlenecks 
means to evaluate the probability of occurrence are needed to 
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assess the severity of a found bottleneck and the associated 
risk [3]. For example a Gaussian distribution can be used to 
describe the forecast error of wind power injections in order to 
be considered in the grid operation and bottleneck prediction. 
Traditional load flow methods are not able to cope with
uncertainties as they are focused on clearly determined 
operational states. As reaction to this shortcoming the field of 
Probabilistic Load Flow (PLF) evolved.  
In general two main types of PLF 
distinguished [9]. The first type uses classical load flow 
calculation for a selected set of grid usage profiles. Due to the 
computational complexity Monte-Carlo approaches are used 
to find an approximate result for load flow probabilities in a 
reasonable amount of time. 
The second type uses linea
underlying grid model to allow for the application of 
convolution techniques. Convolution techniques have the 
advantage of considering all possible network usage profiles. 
Most methods use linearized network models that are 
linearized at an expansion point in order to consider the non-
linearity of the network behaviour [1], [10]. One of the mayor 
drawbacks is the increasing inaccuracy for wide spread 
probability density function like they often occur for wind 
power injections. One possibility is to use multiple expansion 
points [2], but it is difficult to determine them in advance and 
to change between them during the calculation.  
A second issue is the possible inaccuracy intr
poorly chosen expansion point. Especially models based on 
the Jacobian matrix of the load flow equations frequently 
suffer this kind of imprecision. 
For this reason methods using n
an expansion point for static correction of the linearization 
error have a limited usability. 
In this paper a new convo
presented. This method uses a linear network model only 
depending on the network topology and parameters that is 
valid for all operation points. The linear model describes the 
distribution of nodal currents into line currents. As Probability 
Density Functions (PDF) are usually given in terms of nodal 
power balances, it is necessary to calculate the nodal current 
for each node. Therefore it is necessary to at least estimate the 
nodal voltage profile from the provided data. 
In this paper the later approach including the 
voltage profile based on a DC load flow approach is presented. 
T
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The influence of both, voltage angle and voltage magnitude 
estimation, on precision will be discussed in detail. 
III.  PRESENTED ALGORITHM 
Star f nodal power 
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ܨௌ೔൫ܵ௜൯ stated for all nodes of a given network. They key 
n a PLF is supposed to derive from the given nodal 
power PDF is the PDF of absolute line current ܲܦܨหூ
informatio
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The algorithm presented in this paper can be d veeri d into 
the
. Calculate the map between complex nodal currents and 
odal 
 nodes from the 
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 following steps: 
 
1
complex line currents as the basic network model 
2. Estimate the expected complex value for all n
voltages from the PDF of nodal power 
3. Calculate the nodal current PDF for all
PDF of nodal power and the expected complex value 
of nodal voltages 
4. Calculate the PD
with the help of convolution techniques 
5. Calculate the PDF of line current ab
 
U
The presented method 
p between the nodal currents and the line currents. Starting 
point for this linear map is the line admittance matrix. Every 
row corresponds to one line of the network. It contains the 
positive signed serial admittance of the line in the column that 
corresponds to its starting node and the negative signed in the 
column of its terminal node (1). 
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he line admittance matrix ܻT ௟ describes the linear 
rel
model 
is 
ܻ
ationship between complex valued nodal voltages and 
complex valued line currents. It is important to notice that the 
line currents only depend on voltage difference between the 
connected nodes. A common voltage shift with a constant 
offset at all nodes doesn’t affect the line current profile. 
The second element for the creation of the network 
the nodal admittance matrix. 
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epending on whether or not the shunt admittances are 
co
ܫ
D
nsidered the nodal currents depend only on the voltage 
differences between the nodes, or as well on their absolute 
values. In case of neglect of the shunt admittances, the nodal 
admittance matrix doesn’t have an inverse due to linear 
dependencies. But it is possible to state a pseudoinverse 
translating a nodal current profile into a voltage differences 
profile [6]. This is not the actual voltage profile, as a common 
shift would be required to meet the reference node’s voltage. 
As this common shift doesn’t affect the line current profile the 
pseudoinverse can directly be used to formulate a mapping 
between nodal currents and line currents: 
 
௟ ൌ ௟ܻ · ௡ܻ
ற
ᇣᇤᇥ
௓෨೙೗
· ܫ௡ (3) 
 
 case shunt admittances are considered there exists a real 
inv
e shunt elements are neglected the current of the 
ref
ܫ
In
erse of the nodal admittance matrix. In comparison to the 
pseudoinverse a voltage shift is introduced to meet the 
currents through the shunt elements. As this voltage shift does 
not have an effect on line currents it does not have to be 
considered when building the map between nodal currents and 
line currents. It has to be considered when calculating the 
reference node current that is usually unknown for a 
calculation. 
In case th
erence node is the negative sum of all other nodes (4). 
 
௡,ଵ ൌ െ ෍ ܫ௡,௝
௝ୀଶ
 (4) 
 
 case shunt elements are considered the current of the 
ref
ܫ
௡
In
erence nodes can be composed of the before mentioned 
negative signed sum off all nodal currents and the currents 
through the shunt elements (5). 
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he sum of the nodal current can be included in the map 
be
ܼ
T  
tween the nodal currents and line currents. This is possible 
by subtracting the column vector corresponding to the 
reference node from all remaining column vectors of the 
matrix. This is illustrated in (6) assuming the reference node to 
be node number one. 
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ith this modified matrix the line current of line ݆ can be 
de
W
scribed as a sum of the weighted nodal currents and the sum 
of the current through the shunt elements ܫ଴. 
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ܫ௟,௝ ൌ ݖ௡௟,௝,௥௘௙ · ܫ଴ ൅ ෍ ൫ݖ௡௟,௝,௜ · ܫ௡,௜൯
௡
௜ୀଵ
௜ஷ௥௘௙
 (7) 
 
When considering PDF rather than concrete values for the 
nodal currents, this leads to the convolution of nodal current 
PDF modified by the weighting factors ݖ௡௟,௝,௜. As the input 
PDF are the PDF of nodal power, the modification has also to 
include the estimation of nodal currents from the respective 
nodal power with an estimated nodal voltage profile. 
Therefore a preliminary step is needed to apply the necessary 
modifications (8) and calculate the modified PDF for each 
combination of line ݆ and nodal current ܫ௡, ௠௢ௗ,௝,ூ௜ ܲܦܨ ೙,
ܲܦܨ௠௢ௗ,௝,ூ
೔
 on 
which’s basis the convolution can be state like in (9). 
 
೙,೔
൫ܫ௡,௜൯ ൌ ܲܦܨௌ೔ ൭
ܫ௡,௜
כ
· ܸ௡
ݖ௡௟,௝,௜
൱ 
ܲܦܨூ
(8) 
 
೗,ೕ
ൌ ܲܦܨ௠௢ௗ,௝,ூ೙,భ כ ڮ
ڮ כ ܲܦܨ௠௢ௗ,௝,ூ೙,೙ כ ߜ൫ݖ௡௟,௝,௥௘௙ · ܫ଴൯
 
ܲܦܨหூ
(9) 
 
In a last step of the calculation, the PDF of the absolute 
values of the line currents have to be calculated from the two-
dimensional PDF of complex valued line currents. This equals 
to the circular integral stated in (10). 
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ቆ
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Estimating the nodal voltage profile 
The calculation described before can be performed with all 
nodal voltages equal to nominal voltage. An approved 
accuracy can be achieved by estimating the voltage profile 
resulting from the injected and absorbed power at all nodes. In 
order to maintain a regular convolution statement the voltage 
profile corresponding to the expected values of nodal power 
will be used for accuracy improvement. 
Under regular conditions and for networks based on 
overhead lines the strong coupling between active power and 
nodal voltage angle on the one hand and reactive power and 
voltage magnitude on the other hand allows for to the use of 
the DC load flow model, derived from the Decoupled-Power-
Flow method. The simplified model of the Fast-Decoupled-
Power-Flow method has the form state in (11). 
 
ΔQቇ ൌ ൬
ܪ 0
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With the elements equal to: 
 
 
݈௜௝ ൌ
߲ܳ௜
߲ ௝ܸ
(12) 
 
 
∆ܲ
(13) 
 
Due this the load flow problem is divided into two parts. 
With simplification the load flow problem can be reduced to 
[7]: 
 
ൌ ܪ · ∆ߜ 
∆ܳ
(14) 
 
ൌ ܮ · ∆ܸ (15) 
 
With further simplifications, the use of per unit values and 
the neglect of the network state dependency of ܪ and ܮ, (14) 
and (15) can be stated as [8]: 
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The matrix ܤԢ and ܤԢԢ
ܤ
 are under the made simplifications 
identical and equal to the negative network susceptance matrix 
 (18) [7],[5], which is very close to corresponding sub-
matrices of the Jacobian matrix of the load flow equations at 
the extension point of zero power injection/consumption [5]. 
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ܲ ൌ ܤ
(18) 
 
By setting the nodal absolute voltages equal to 1 ݌ݑ  for the 
left hand side of (16) and (17) the following simplified 
relationships between active power and voltage angles on the 
one hand and reactive power and voltage absolute value can 
be derived: 
 
Ԣ · Δߜ 
ܳ ൌ ܤ
(19) 
 
ԢԢ · Δܸ 
 
(20) 
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This can be used to estimate the complex voltage argument 
and the absolute voltage from the vectors of active and 
reactive power. As matrix ܤԢ and ܤԢԢ are both singular there 
only exist the pseudoinverse ܤᇱற and ܤᇱᇱற. 
 
Δߜ ൌ ܤᇱற ·  ܲ (21) 
 
Δܸ
 
ൌ ܤᇱᇱற ·  ܳ 
 
he resulting vectors are only one of the possible solutions. 
It 
spo
ߜ௜ ൌ Δߜ௜ െ Δߜ௥௘௙ (23) 
 
௜ܸ ൌ Δ ௜ܸ ൅ ൫1 െ Δ ௥ܸ௘௙൯ (24) 
 
With this result it is possible to calculate an approximation 
f
 on accuracy 
acy of using the presented voltage 
pr
(22) 
T
is necessary to define the values for one node as a reference 
for all other elements. Usually the absolute value of the 
voltage at the reference node is set to 1 ݌ݑ and its complex 
argument to 0. To determine the corre nding vector it is 
necessary to apply a common shift to the vectors, so that the 
absolute value at the slack node equals 1 ݌ݑ and the complex 
value equals 0. 
 
o  the nodal voltage profile for the expected values of active 
and reactive power. This will be used for an improved 
computation of nodal currents from the nodal complex values 
in (8). 
The accuracy of the linear model between active power and 
voltage angle on the one hand and between reactive power and 
absolute voltage on the other hand are depending on the 
topology and parameter of the grid, as well as of the level of 
power injection/consumption. In meshed grids the absolute 
value of nodal voltages is strongly depending on the values of 
the surrounding nodes. In contrast, the voltage levels at nodes 
in radial networks are heavily influenced by the directly 
neighbouring node in direction towards the reference node. 
Losses are not considered by these linear models. Due to this 
the accuracy decreases for high injection and consumption 
scenarios. 
 
Impact
To prove the legitim
ofile estimation, the influence on accuracy is studied by the 
comparison of the result with and without absolute value 
estimation. Voltage angle estimation is applied in both cases. 
As the reference algorithm a Newton-Raphson based load 
flow calculation with a Monte-Carlo approach is used, denoted 
MCS in the following. The MCS is performed with 10.000 
experiments. Fig. 1 shows the first simple test network. The 
line parameters relate to usual overhead lines with an X/R-
ratio equal to 10. The length of all lines averages 50 km. 
 
 
 
Fig. 1: Test network 1 
 
The injections of active and reactive power are equal at all 
nodes, which leads to an increasing voltage level towards the 
last node. Fig. 2 and Fig. 3 show exemplary results of the 
presented convolution-based approach for the before 
mentioned three variations of the method. 
 
 
Fig. 2: Precision comparison test network 1, line 1-2 
 
 
Fig. 3: Precision comparison test grid 1, line 3-4 
 
In relation to the reference method, the presented 
convolution-based method with absolute value estimation has 
a significant advantage over its neglect. 
Complimentary to the redial network, numerical studies on 
the meshed network, depicted in Fig. 4, were performed to 
analyse the influence of the network’s topology on the 
accuracy. Fig. 5 shows the exemplary results for line 1-4, 
where the line parameters remained the same like in the 
previously used radial network. 
 
 
 
Fig. 4: Test grid 2 
 
In case of the radial network the accuracy is significantly 
improved by the inclusion of the voltage absolute value 
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estimation. In case of the meshed network, the improvement is 
still noticeable. But as the results without its application are 
already relatively precise, the absolute effect is smaller. 
 
 
Fig. 5: Precision comparison meshed grid, line 1-4 
 
In Fig. 6 the accuracy of the presented approach is exemplarily 
compared to an approach based on the Jacobian matrix of the 
line power-flow equations (like described in [10]) as a 
linearized network model. As mentioned in the introduction, 
these kinds of approaches suffer from inaccuracy introduced 
by poorly chosen expansion points. To illustrate this effect and 
to show the absence of such kind of drawback in the presented 
approach Fig. 6 depicts the result for line 2-4 of the meshed 
example network.  
The input PDF of nodal power are chosen as being very 
similar power injection profiles, leading to the Jacobian 
matrix, calculated for the expected values as the expansion 
point, being nearly singular. For symmetry reasons, this leads 
to mayor deviations for the calculated line current PDF for 
line 2-4. As becomes clear from the figure, the presented 
approach does not show any increased inaccuracy in this 
situation, as the underlying network model is not depending 
on a certain or assumed operational state of the network. 
 
 
Fig. 6: Precision comparison meshed grid, line 2-4 
 
Computation time 
An applicable method has to be able to provide results in a 
sensible amount of time. The most time consuming factor of 
the presented approach is the convolution of two-dimensional 
PDF. 
The integration of the expected voltage profile has only 
minor influence on computation time, because the correction 
voltage profile is only calculated once for the expected value 
of the PDF of nodal powers. Table I shows exemplary 
computation times for a test network with 14 nodes and 20 
lines [11]. 
The MCS was carried out with 500.000 Experiments. The 
computation time of the MCS is approximately double of the 
presented convolution method. In contrast to these methods 
the MCS considers only a small part of possible operations 
points, while the presented approach includes all combinations 
possible with the given nodal power PDF. 
 
TABLE I 
COMPUTATION TIME 
Method Computation time [sek.] 
Monte-Carlo-Simulation 10918 
Enhanced convolution 
without absolute correction 5640 
Enhanced convolution with 
absolute voltage correction 4490 
 
The approach of the absolute voltage increases the accuracy 
without absolute voltage correction primary for grids and 
injection/consumption combinations with a high deviation of 
the nominal voltage. These are e.g. radial networks. In meshed 
grids the effect is not distinct, because the absolute voltage is 
subject to more influences than in radial networks. Due this 
the absolute voltage is usually near to the nominal voltage. 
 
IV.  POSSIBLE EXTENSION OF THE NEW METHOD 
Integration of DC load flow into convolution 
A possible future extension to the presented algorithm is 
e.g. the replacement of the convolution by a probability 
integral directly including a DC-model and absolute voltage 
correction. Within the probability integral the voltage profile 
could be calculated for each combination of nodal current and 
then be used to determine the combined probability of the 
respective nodal power profile. As the matrices used for the 
estimation of the complex voltage profile are constant, they do 
not need to be recalculated during the calculation of the 
probability integral. The achievable level accuracy should be 
even higher than the one already reached by the presented 
approach based on static voltage profile estimation. 
 
Modelling of frequency control 
The basic assumption that all nodal power balances are 
independent is not true under the presence of a frequency 
control [4] or other common influences on the behavior of 
generators and loads. Future improvements of the presented 
algorithm may include the introduction of conditional 
probability based frequency control model. The nodes can be 
divided into three groups. The first group includes all nodes 
having a completely independent behaviour. The second group 
consists of nodes having a common influence on their 
behaviour (e.g. wind turbines) and which are therefore 
behaving similar with a certain amount of uncertainty (e.q. 
forecast errors). The third group are nodes with generators 
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taking part in frequency control. They behaviour is a direct 
result of the behaviour of the remaining nodes. 
 
Reduce the computation time 
The absolute values of the elements of the matrix (6) are a 
measure for the influence of each nodal current on the 
particular line current. These values can be used as threshold 
for the computation. For a given line only those nodes linked 
by a matrix element with an absolute value above this 
threshold are considered for calculation. This can significantly 
reduce the complexity of the PLF problem. 
V.  CONCLUSION 
In this paper an extension to a probabilistic load flow 
method based on linear maps is proposed. The accuracy of this 
method was improved primarily for operational states that lead 
to large deviation from nominal voltage. The basis of the 
presented extension is the Fast Decoupled Load-Flow (FDLF). 
The used model, derived from the FDLF, is only dependent of 
the network topology and parameters, same like the map 
between the nodal and line currents, used as the basic network 
model. In meshed networks the impact of this extension is less 
significant than in radial networks, because the voltage 
deviations are smaller for comparable nodal power profiles. 
On possible field of application is the calculation of the 
probability of line loading under the strong influence of wind 
power injection. Wind forecasts can then directly be translated 
into a line loading forecast, helping the network operator to 
assess the risk of line overloads. 
Another possible field of application is e.g. transmission 
system expansion planning where uncertainties about the 
future development of generation capacities and load are 
inherent. The presented approach can help to localize possible 
congestions, as well as estimating the mean time of occurrence 
of a particular congestion during a given period. 
Future developments will focus on the integration of the 
presented voltage profile estimation directly into a probability 
integral and hereby replace the convolution technique used 
today. Also means for the consideration of dependencies 
between the behaviour of loads and generators have to be 
found and integrated in order to further improve accuracy 
when applied to transmission systems. 
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